Integrated data analysis of fusion diagnostics is the combination of different, heterogeneous diagnostics in order to improve physics knowledge and reduce the uncertainties of results. One example is the validation of profiles of plasma quantities. Integration of different diagnostics requires systematic and formalized error analysis for all uncertainties involved. The Bayesian probability theory (BPT) allows a systematic combination of all information entering the measurement descriptive model that considers all uncertainties of the measured data, calibration measurements, physical model parameters and measurement nuisance parameters. A sensitivity analysis of model parameters allows crucial uncertainties to be found, which has an impact on both diagnostic improvement and design. The systematic statistical modelling within the BPT is used for reconstructing electron density and electron temperature profiles from Thomson scattering data from the Wendelstein 7-AS stellarator. The inclusion of different diagnostics and first-principle information is discussed in terms of improvements.
Introduction
Data analysis in magnetic confinement plasma research has to link different, heterogeneous sources of information. For measurements of plasma quantities, such as spatial profiles, heterogeneity applies not only to the spatial and temporal resolution, but also requires mapping onto a common grid, which is given in plasma equilibria by magnetic surfaces. These surfaces depend on the plasma pressure and, therefore, modelling of the plasma equilibrium is required. Moreover, consistency checks of experimental data from different diagnostic sources measuring the same quantity suffer from the heterogeneity of measurement principles, making straightforward combination based on the individual error assignments a demanding task. But, in turn, systematic combination of different diagnostic sources measuring the same quantity has the potential to validate measurements.
One of the objectives of data analysis to be resolved is therefore determination of validity measures-or uncertainties-which allow combination of the results from different diagnostics. Our goal is to derive procedures which culminate in a comprehensive error analysis for each diagnostic that considers all uncertainties involved. The underlying diagnostics models then allow one to combine different measurements on the basis of a unique error analysis.
Frequently, different diagnostics are separately analysed and the resulting profiles are combined by fitting a joint profile. This procedure may recover the underlying profiles and it may work if its uncertainties are both reliable and comparable in their statistical meaning. But in cases of systematic errors, e.g. due to misalignments or outliers, this method may fail. In our approach, the integration of different diagnostics into the joint analysis requires systematic and formalized error analysis of all uncertainties involved in each diagnostics.
The studies presented here are embedded in an effort aimed at linking all information available for a given quantity of interest. One example is the provision of electron density profiles for transport studies, which can be derived from, e.g. Thomson scattering, interferometry and particle beam diagnostics. The consistency with global measurements, e.g. the diamagnetic energy, may also restrict the parameters permissible for mapping the diagnostics results on magnetic surfaces, which provides the linkage of the different threedimensional information onto a common one-dimensional grid for the plasma core. We call this linkage of heterogeneous information the integrated data analysis (IDA) approach and our aim is to explore methods and practical implementations of this approach. The advantages of this concept are consequences from formalized dissection of the diagnostics resulting in statistical models of the diagnostics and the underlying measurement process. In particular, the statistical model contains all nuisance parameters, which are the keys not only for investigating diagnostics capabilities and identifying crucial parts of the set-up, but also for improving and designing diagnostics. Bayesian probability theory (BPT) proves to be the tool of choice for providing a straightforward, unified treatment of different sources of uncertainties. Generally, the BPT gives a calculus how to resolve an inference problem based on uncertain information. The outcome of the BPT analysis is then the probability density function (PDF) of the quantity of interest, which encodes the knowledge to be drawn from the information available (a posteriori). Hence, the posterior PDF comprises the complete information which can be inferred from the data and the statistical model, and supplementary information such as first-principle physics knowledge.
As a major consequence of the statistical modelling, the BPT allows one to treat any PDF describing any uncertainty in the data. And, as a result, the outcome of the BPT analysis is not restricted to a particular functional form, e.g. a Gaussian PDF, but might even recover ambiguities due to, e.g. incomplete diagnostics models. This paper focuses on this issue by studying PDFs from analysis of Thomson scattering data from Wendelstein 7-AS.
BPT offers the possibility of a linked analysis of complementary diagnostics measuring the same quantity by different physical principles. It also offers the possibility to exploit interdependencies; some examples will be discussed in this paper. Especially for the future generation of fusion devices, such as Wendelstein 7-X and ITER, the coupled analysis of data from different diagnostics is very important because each of the different diagnostics has its own specific constraints. Therefore, the IDA concept may contribute to an improved use of a set of diagnostics. On the one hand, the algorithms developed are intended to be used for detailed studies, which possibly require supplemental theoretical modelling. On the other hand, suitable approximations are explored for automated analysis of long-run discharges to be expected in the next generation devices.
Basics of Bayesian modelling
In order to analyse combined heterogeneous data sets (meta-data) including various sources of errors, we employ the BPT. BPT allows a systematic combination of all information entering the meta-model that describes the data sets of the combined diagnostics with unique results. The combination comprises all data sets from different diagnostics, the calibration data sets of diagnostic components, physical model parameters and measurement nuisance parameters. All data sets and parameters entering the models are subject to uncertainties which have to be estimated and encoded in probability distributions. Within the BPT the so-called statistical and systematic uncertainties are not to be distinguished. Both kinds of uncertainties are treated as a lack of knowledge. The impact of various types of uncertainties can be studied by means of a sensitivity analysis. The sensitivity analysis of model parameters allows the diagnostician to identify and quantify the most crucial uncertainties. The subsequent diagnostic improvement can then be assessed in figures of improvements to be expected, given the constraints to be obeyed.
The concept of systematic statistical modelling of a Thomson scattering diagnostics was described in detail in [1] . The basic concept consists of a description of the physics background of the measurement process. The relationship between raw data and the quantities of interest is then dissected. In particular, this task requires a description of all uncertainties, in both the data and nuisance parameters. These parameters are required for evaluating the data but do not represent quantities of interest and do not explicitly occur in the representation of results. But, of course, the errors in the nuisance parameters enter the uncertainty of the results. The complete description of data and uncertainties represents an instance of the statistical model yielding a set of measured values.
The foundations and applications of BPT are extensively described in the literature (see, e.g. [2] [3] [4] [5] [6] [7] ). Here, some basic ideas are summarized with respect to the results shown hereafter.
Bayes' theorem links the posterior PDF P of the quantities of interest (e.g. the electron density n e and electron temperature T e ) to the likelihood PDF P l , which represents the probability of finding the data d for given quantities of interest, uncertainties σ and some additional information I . In addition, prior information P p , e.g. representing physics constraints or additional information from other diagnostics, can be introduced in a straightforward manner. The so-called evidence P e serves for normalization required for model comparison and need not be considered in this context. For the purpose of clarifying the results discussed later, Bayes' theorem reads P (T e , n e |d, σ, I ) = P l (d|T e , n e , σ, I )P p (T e , n e |I ) P e (d|I ) .
In order to arrive at the PDF of any quantity x in the model, marginalization of the multidimensional PDF can be regarded as a projection of the complete PDF onto that quantity. Marginalization is performed by integration over the quantity y one wants to get rid of:
Marginalization of a quantity y thus takes into account the uncertainty of y which is quantified by the PDF P (y).
Summarizing, a formalized recipe of the approach consists of formulation of the statistical model and quantification of the resulting likelihood PDF, inclusion of prior knowledge and finally marginalization resulting in the PDF of the quantity of interest.
Thomson scattering in Wendelstein 7-AS
As an example of the results of the procedure, the electron density and electron temperature profiles of Nd : YAG Thomson scattering data taken in a shot of the Wendelstein 7-AS stellarator are analysed. Details of the approach can be found in [1] . During the last experimental campaign of Wendelstein 7-AS new operational regimes were attained [8] . The extended n e and T e parameter ranges obtained with the island divertor made it necessary to adapt the sensitivity range of the Thomson scattering diagnostics. In order to measure the central electron temperatures occurring in the new plasma regime (a few hundred electronvolts), which are much smaller than those the diagnostics was designed for, additional photon detectors sensitive at wavelengths close to the laser wavelength were introduced. In parallel to that hardware upgrade, analysis-software based on the Bayesian concepts was developed and implemented [1] .
First, the effect of the hardware upgrade is studied. In figure 1 , the results before and after that upgrade are shown. The time slices for the profiles were chosen to represent two different confinement regimes of the shot investigated. At t = 426 ms the plasma is in the so-called H * regime. In order to study confinement transitions the plasma was driven out of that regime (t = 526 ms). The studies of the H * regime are aimed at investigations of the impurity confinement. The essential key for understanding that behaviour is reliable data for the plasma profiles allowing one to determine the driving forces for the impurity transport.
The results shown in figure 1 show the improvement due to the hardware upgrade from three to four spectral channels per spatial channel, which is reflected not only by a diminished error bar but also by an extension of the sensitivity range allowing analysis at the spatial channels close to the plasma edge. The analysis-software implementing the Bayesian framework was Figure 1 . Comparison of Thomson scattering data analysis for the Wendelstein 7-AS plasma discharge #56123. Here, the results from the three-channel stray light detector are compared with the analysis including the fourth spectral channel. The left column refers to t = 426 ms, the right one to t = 526 ms. The estimates are derived from the maximum of the posterior PDF and the error bars are determined from the Hessian at the maximum (see section 3.1). straightforwardly adopted to the hardware extension. The additionally measured data are taken into account by the additional likelihood PDFs and there is no change in the structure of the program required.
These results, which are consistent with measurements from different diagnostics, will now be analysed in detail.
Advanced error analysis
The following sections deal with the consequences from considerations of the uncertainties within the Bayesian framework. In particular, it will be shown that the usual assumption of normally distributed errors does not allow one to draw complete quantitative conclusions for diagnostics improvements or measurement strategies.
The profiles shown in figure 1 are derived from the maximum of the posterior PDF p(T e , n e , c geom |d), where c geom is a calibration factor due to the Raman calibration of the Thomson data. The error bars are determined from the inverse Hessian of the posterior PDF. This approach corresponds to the usual error analysis and the description of uncertainties is sufficient if the resulting posterior PDF is a normal distribution. However, if the posterior PDF deviates from this frequently used implicit assumption, the maximum and the resulting error bars provide a poor approximation of the information included in the data descriptive model only. This paragraph addresses these deviations and the resulting consequences.
In order to discuss this issue, the marginal posterior distribution P (T e , n e |d) for one spatial channel at a fixed time is chosen as an example. The left panel of figure 2 shows this Bayesian result. In the right panel of figure 2 a grey scale coded contour plot of the Bayesian result is shown in conjunction with some results of approximations usually used. If the values of n e and T e were independent, one would have to expect a two-dimensional PDF with principal axes parallel to the abscissa and the ordinate of figure 2, respectively. But the banana-shaped marginal posterior distribution in figure 2 shows that the Thomson measurement bears strong correlations of the electron density and temperature values.
For normally distributed quantities correlated results yield a two-dimensional Gaussian where iso-probability contours are given by ellipses. The ellipses encompass confidence Marginal posterior distribution (normalized to maximum value) for the electron temperature and electron density for a distinct spatial position (z = 6 cm) of the Thomson scattering data of the Wendelstein 7-AS discharge #56123 at t = 526 ms. The right plot is a contour plot of the left representation. The error bars refer to a 3σ (large error bars) and a 1σ confidence interval; the latter error bars correspond to those shown in figure 1 for the time t = 526 ms at the spatial position z = 6 cm.
regions for T e and n e . In figure 2 correlations yield tilted ellipses with principal axes which can be represented as a linear combination of the quantities of interest. The projections of the ellipses onto the axes of figure 2 coincide with the error estimates of the respective quantities.
The iso-probability contours depicted in the right panel of figure 2 correspond to deviances-2 log(Likelihood) ∝ χ 2 which are the usual χ 2 misfit between the measured and the modelled data. The inner ellipse shown in the right subplot of figure 2 refers to a value of χ 2 = 1, which defines the confidence intervals for one parameter irrespective of the value of the other parameter. The middle ellipse represents a value of χ 2 = 2.3 containing 68.3% of a two-dimensional Gaussian distribution. The outer ellipse corresponds to a value of χ 2 = 11.8 (99.73% confidence interval) [11] . The error bars are the 1σ and 3σ confidence intervals of the n e and T e measurement irrespective of the value of the other parameter. These 1σ confidence intervals are shown in figure 1 . The extent of the inner ellipse ( χ 2 = 1) corresponds to the 1σ confidence intervals but the confidence interval does not depict any correlations, in contrast to the ellipses.
Comparison of the Gaussian (Laplace) approximation and the complete PDF shows that the approximation fails if higher order correlations occur. The result of these correlations is the banana-like structure depicted in figure 2 (right). Besides this result shown in figure 2, the consequences for the informational content of the PDF will be revisited later.
The correlation of density and temperature values can be explained by the data descriptive model, details of which are discussed in [1] . For clarity, the essential data modelling equation for one spatial channel consisting of j = 1, . . . , N ch spectral channels will be repeated here:
where the Thomson scattering data D Th are affected by the calibration factor c geom , the laser power P laser , the Thomson scattering cross-section σ Th and the integral of the scattering function S over the wavelength λ weighted by the spectral filters' transmissions τ for a particular observation angle . In particular, the data are determined by the number of scattering electrons (n e ), and the resulting spectral distribution S by the temperature T e . For each spatial channel j spectral channels are to be combined and the resulting correlation of n e and T e can be approximated in leading order by the electron pressure p e = n e × T e . The resulting hyperbola in the n e -T e plane is close to the edge of the bananashaped PDF shown in figure 2. This correlation also explains the experience that the electron pressure as a derived quantity may be reliable for cases in which the actual quantities of interest, viz the electron density and temperature, show large anti-correlated variations. Experience shows that deviations of one quantity towards higher values are accompanied by deviations of the other quantity in the opposite direction. This experience is consistent with the correlation recovered by the statistical model used here.
We now return to discussion of the informational content for a distinct quantity. Figure 3 shows the marginal posterior PDF for n e and T e derived from P (n e , T e |d) shown in figure 2. The results displayed reflect the marginalization procedure, which is the projection of the twodimensional PDF onto the corresponding axes. However, the marginalization clarifies some of the additional findings of the Bayesian approach. First, asymmetric wings of the PDF of n e indicate that the uncertainty of electron density measurements towards lower values of n e is less than the uncertainty for larger values. This finding could be expressed in an asymmetric error bar. The upper error bars correspond to the 1σ and 3σ confidence intervals, as shown in figure 1 for 1σ only. These symmetric error bars are derived from the Hessian at the maximum of the full posterior distribution P (n e , T e , c geom |d). The lower error bars in figure 3 are derived from the marginal distribution P (n e |d). The central dot depicts the maximum of P (n e |d) and the smaller (larger) error bar shows the confidence interval containing 68.3% (99.73%) of the Marginal posterior distribution (normalized to maximum value) for the electron density (left), electron temperature (middle), and electron pressure (right) at the positions z = 6 cm at t = 526 ms for the H * plasma discharge (#56123). The upper error bars are derived from the Gaussian approximation of the full posterior PDF. The lower error bars depict confidence intervals from the marginal distributions. For the rightmost figure the middle error bar corresponds to an error propagation law taking into account first order correlations between n e and T e .
probability distribution according to 1σ (3σ ) for a Gaussian distribution. These error bars are asymmetric by construction and they reflect the asymmetry of the marginal distribution.
Even more discrepancies to ordinary data analysis can be seen in the marginal PDF of the electron temperature ( figure 3, middle panel) . The marginalization results in a second maximum at lower T e (about 50 eV) due to the integration of the high n e tail at lower temperatures. This multi-modal PDF finally results from multiple statistical and systematical uncertainties. The latter may be addressed by, e.g. including additional information or-the option that must be preferred-by identifying corresponding error sources and improving the diagnostics capabilities. This issue will be addressed later.
We now discuss the impact of the Bayesian treatment of uncertainties on derived quantities, taking the electron pressure as an example. The marginal posterior PDF of the electron pressure p e derived from the n e and T e measurements is shown in the right panel of figure 3 . The PDF is derived by P (p e |d) = P (p e , n e , T e |d) dn e dT e ,
P (p e |d) = P (p e |n e , T e )P (n e , T e |d) dn e dT e ,
where P (p e |n e , T e ) = δ(p e − n e k B T e ). Due to the correlation of the density and temperature, the p e PDF is of about the same quality as the density information, but is much more accurate than the electron temperature PDF. Again, the reason for this behaviour is the strong correlation of n e and T e and the width of the p e PDF resembles the deviation of the two-dimensional PDF in figure 2 from the hyperbola p e = n e ×T e . This example is well suited to discussing the limits of the Gaussian error propagation law. The Gaussian error propagation law is a consequence of the convolution theorem assuming that the second moments of the PDFs exist, which is not the case, for example, for the Lorentz distribution. In order to demonstrate discrepancies between the results from the Gaussian error propagation law and the results from the full Bayesian approach, figure 3 also displays in the right panel the error bars for p e derived from error propagation laws with and without the correlation between n e and T e . The upper error bar corresponds to p e = ( n e k B T e ) 2 + (n e k B T e ) 2 without correlations and the middle error bar corresponds to p e = ( n e k B T e ) 2 + (n e k B T e ) 2 + 2n e k B T e ( n e T e ) including the correlation between n e and T e . The latter error propagation law reflects the full elliptic structure of figure 2. Due to the negative correlation term the middle error bar is about 50%
smaller than the uncorrelated result. But obviously, both classical error bars on p e do not reflect the full structure of the probability distribution P (p e |d). The lower error bar on p e shows the confidence intervals derived from P (p e |d), as discussed before for n e and T e .
Sensitivity analysis
The complete statistical model of the diagnostics allows the experimentalist to quantify the impact of different error sources. An example of this impact is shown in figure 4 for the data discussed in the previous paragraph. Here, the different error sources are 'switched off' from the complete model, which includes all nuisance parameters and uncertainties (figure 2). The subplots in figure 4 have to be regarded as the results which would be obtained if a selected error source could be eliminated. In figure 4 (a) vanishing uncertainties in the Thomson scattering data were assumed. In figures 4(b) and (c) exact Raman calibrations and negligible uncertainties due to the transmissions of the spectral filters are assumed, respectively. For clarity, we discuss figure 4 in conjunction with figure 5 . The result for the marginal posterior PDFs for n e and T e is shown in figure 5 , whose subplots show the marginalized PDFs of figures 4(a)-(c).
It can be concluded from the results shown in figures 4 and 5 that the overall results would be improved most if the fluctuation in the Thomson scattering data were reduced, because the extent of the two-dimensional PDF shrinks most with the reduction of that uncertainty. This conclusion can be drawn from the marginal posterior PDF of the electron temperature (figure 5, bottom panel). But figure 5 (top panel) shows that the electron density measurement would be improved most if the uncertainties in the measurement of the transmission of the spectral filters were reduced.
The different relevances of the error sources can hardly be explained qualitatively from the measurement procedure because the interdependence of the different nuisance parameters refers to the specific experimental set-up. But from the aforementioned considerations strategies for the diagnostics improvement can be derived in terms of effort vs improvements. This example also shows that diagnostics improvement is strongly related to physics goals, i.e. one has to specify if n e or T e measurements are to be preferred in terms of accuracy.
Hardware assessment
The new operational regimes discovered during the last experimental campaign of Wendelstein 7-AS [8] made it necessary to upgrade the Thomson scattering hardware with additional spectral channels in order to allow measurements at lower temperatures. Retrospectively, the benefit of this hardware upgrade can be proved by comparing the two-dimensional PDFs with and without the data set from the additional spectral channel. The hardware assessment allows optimization of upgrades of existing diagnostic concepts for future experiments and provides a starting point for designing new diagnostics in terms of efficiency and costs. (d) show the distributions calculated with all four spectral channels from the upgraded system. Since the two spatial positions were chosen to discuss the impact of the hardware upgrade, the temperature and density values are similar for the two spatial positions (figure 1). But it can be clearly recognized that the inclusion of a fourth spectral channel is of different importance. For the position z = 6 cm (figures 6(a) and (b)) there is only a minor improvement in the determination of n e and T e , but for z = −10 cm (figure 6(c) and (d)) the benefit of the hardware upgrade is much more significant.
The reason for this effect is the influence of the additional spectral channel, which cover different spectral ranges for the positions under discussion. For the temperatures to be measured the three spectral channels previously used detect two significant intensities at the position z = 6 cm. But for z = −10 cm there is only one channel which detects significant scattered light intensity for the two quantities n e and T e . This explains the strong correlation between n e and T e seen in figure 6(c) . For the three-channel system the uncertainties of n e and T e at z = −10 cm are very large (figure 1), but, as previously discussed, the electron pressure p e can be measured with comparably high accuracy owing to the correlation previously discussed. Again, this lack of sensitivity is due to the temperature regimes which were not considered during the original design of the Thomson scattering diagnostics.
This hardware assessment yields a detailed quantification of hardware improvements a posteriori. In particular, the analysis allows one to explore the improvements afforded by the additional spectral channels. However, the methods employed for the a posteriori design could have been used for the a priori design of the additional spectral channel by choosing of appropriate spectral filters. For this purpose, one had to start with artificial data sets corresponding to the parameter regimes to be expected. This design procedure, however, is much more sophisticated as compared with the hardware analysis, because it requires the knowledge of parameters to be expected and some criteria for the hardware optimization, e.g. robustness against parameter variation. Nevertheless, the procedures described in this section may help the diagnostician to find optimum spectral filters for different operational plasma regimes.
First steps towards an IDA
Basically, the concept of the IDA approach consists in combining different, heterogeneous data. In this section, examples of including additional information will be discussed. The combination of independent PDFs can be achieved by using the product rule of probability theory, i.e.Bayes' theorem.
In the beginning, some rules for including physics-motivated information have to be discussed. Additional physics information must not exclude parameter values without firstprinciple theoretical considerations. A simple example of first-principle information is positivity constraints for the density and the temperature. If parameter values cannot be excluded by first-principle information, the prior probabilities have always to be chosen larger than zero. In this case, the result incorporates the prior knowledge but is always governed by the information contained in the data. This rule becomes important for the recovery of new and unexpected results in the quantities of interests. The benefit of the BPT emerges from the explicit quantification of any information entering the data analysis. This shows the consistency of additional information with the data. Moreover, it allows the experimentalist to quantify the effect of any particular inclusion of additional physically motivated information. The latter issue offers the possibility of a conceptual design of physics experiments, i.e. of defining what measurements should be made in order to allow a conclusion to be drawn at a given degree of uncertainty.
The first example to be discussed is a first-principle statement on the plasma density from the interferometer diagnostic. From the time traces of a HCN and a µ-wave interferometer for the shot under investigation, it is possible to determine the proper operation of these measurements. The µ-wave interferometer works at a frequency resulting in a cut-off density of n e = 3.02×10 20 m −3 . Hence, all locally measured densities must be smaller than this value. This is the first-principle statement included in the analysis. Moreover, unreliable operation of the µ-wave interferometer is known to occur at much smaller density values owing to diffraction [10] . The average density of reliable operation is aboutn e = 1.2 × 10 20 m −3 . If the average density is to be translated to a maximum value in the plasma centre, the peaking of the profile has to be considered. The peaking factor of the profile investigated here was estimated to be about 1.3.
Starting with the sufficient condition for proper µ-wave interferometer operation, additional conservative prior information can be included which allows any density below the largest value of reliability and decreases to zero at the cut-off density following the laws of plasma wave propagation. This formulation of prior knowledge has to be regarded as very conservative. Figure 7 visualizes the combination of the physics-based prior knowledge (µ-wave interferometer operation) and the Thomson scattering data. Since the interferometer signal is not affected by the electron temperature, the PDF shown in figure 7(a) is invariant to T e translations. For clarity, in figure 7(b) , the Thomson scattering PDF is repeated and figure 7(c) shows the combination of the two PDFs. Notwithstanding that the information from the operation of the µ-wave interferometer is only a qualitative argument, it proves sufficient to suppress the long tails in the Thomson scattering PDF.
The second example to be discussed is motivated by transport analysis. From comparison of a number of discharges done at similar conditions it is known that the temperature profiles are monotonically decreasing functions from the plasma centre towards the edge. Hollow temperature profiles differing from this assumption are known to occur at much different discharge conditions and heating schemes only. Hence, the correlation of neighbouring spatial channels can be incorporated. For the spatial channel discussed in the previous examples at z = 6 cm a concrete formulation of the aforementioned constraint gives as an upper limit the upper limit of the temperature at z = 2 cm and as a lower limit the lower limit of the temperature at z = 10 cm. However, since the temperatures at z = 2 and 10 cm are uncertain themselves, the posterior distributions P (T e , n e |d, z = 2 cm) and P (T e , n e |d, z = 10 cm) are combined in view of the respective limiting information, i.e. to restrict larger (smaller) but allow smaller (larger) temperatures. For each density P (T e , n e |d, z = 2 cm) was kept unchanged for temperature values larger than the maximum values and set to the posterior value at the temperature maximum below the maximum temperature value. Similarly, for each density P (T e , n e |d, z = 10 cm) was kept unchanged for temperature values smaller than the maximum values and set to the posterior value at the temperature maximum above the maximum temperature value. According to Bayes' theorem the modified posterior distributions are multiplied. This allows an upper restriction of the temperature by the data at z = 2 cm and a lower restriction of the temperature by the data at z = 10 cm. Figure 8(a) shows the result of the aforementioned consideration of the correlation of spatial positions within a temperature profile. Since n e and T e are correlated, any constraint on T e also affects n e . Again for clarity, figure 8(b) repeats the posterior distribution shown in figure 2, which does not include any correlation with neighbouring channels. Finally, figure 8(c) shows the posterior distribution exploiting the additional (uncertain) information from neighbouring channels and monotonicity constraints.
The result for the combined distributions shows a much more focused PDF in both n e and T e . The uncertainty of the parameters decreased according to the additional information. The major effect is to be seen on the long tails, which are due to multiple uncertainties in the Thomson scattering diagnostics. The long tails are strongly reduced by the additional information but are not excluded, in the sense that the probability does not vanish but becomes much smaller. As a third example, the combination of two independently measuring diagnostics is discussed. This example does not include a physics-motivated constraint as given in the previous example but demonstrates how a gain in information can be attained by combining independent diagnostics results within the BPT. Figure 9 (a) shows the two-dimensional posterior distribution from soft x-ray measurements. The result shown in that figure refers to an analysis of data from soft x-ray cameras [9] . The cameras are equipped with beryllium filters and the waist of the sightline is about 2 cm in width. The electron temperature is determined by comparing the soft x-ray continuum emissivity measured with two different spectral edge filters. Mismeasurement due to spectral lines can be excluded for the regimes under discussion. Simulation of the soft x-ray emission with density and temperature profiles given allows for a correction of the soft x-ray measurements with respect to line integration effects. Here, the temperature is determined to be 0.25 ± 0.02 keV (2σ ). The error includes line integration effects as well as statistical deviations. However, the error analysis for the soft x-ray measurement does not employ a strict statistical model such as that used for the Thomson scattering data. Hence, it must be emphasized that this combination of data is based on the prior assumption that the soft x-ray measurement is reliable. Since the soft x-ray measurement does not provide any information about n e , the PDF in figure 9 (a) appears to be a vertical bar which is invariant in the n e direction.
Again, figure 9 (b) repeats the posterior distribution shown in figures 2, and 9(c) shows the posterior distribution combining the soft x-ray and Thomson scattering results. The additional information from the soft x-ray data considerably reduces the width of the posterior distribution, which has to be expected since the uncertainty of the soft x-ray data is smaller than that of the Thomson scattering data. However, not only does the uncertainty of the temperature decrease, but also the uncertainty of the density is reduced although the soft x-ray data contain no information about the density whatsoever. This can be seen in detail in figure 10 , which depicts the marginal posterior distributions for the electron density (left) and electron temperature (right) for the data sets of soft x-ray data (dotted), Thomson scattering data (dashed), and the combined data set of soft x-ray and Thomson scattering (solid). In the right subplot of figure 10 the dotted and solid lines overlap. This reflects the effect of the more accurate soft x-ray results in the electron temperature.
But the density measurement (figure 10, left panel) is also affected by the temperature measurement of the soft x-ray diagnostics. The uncertainty of the density is about 30% less if the soft x-ray data are taken into consideration. This result can be directly comprehended by inspection of figure 9 , which shows that the T e data of the soft x-ray diagnostics cut the Thomson scattering results, leading to suppression of the low-T e , high-n e part of the PDF. Again, this result emerges from the proper inclusion of the n e -T e correlation of the Thomson data and from the use of Bayes' theorem.
In a final step the aforementioned information will be linked. Figure 11 shows the result of including the different physics-motivated information introduced in this section. The extent of the two-dimensional PDF appreciably shrinks in comparison with the results from the Thomson scattering measurement only (see, e.g. figure 10(b) ). But still the Thomson scattering data govern the interrelated T e -n e measurement owing to the correlation discussed above.
In conclusion, the result of combining different diagnostics within the Bayesian framework affords a gain in information, as would be expected. Combining different diagnostics and including physical information has to be regarded as a subject of careful learning. The BPT provides a framework for learning on the basis of new information. The Bayesian approach requires exhaustive quantification of the information entering the analysis. This keeps the Bayesian inference procedure transparent and comprehensive. Moreover, the quantification of uncertainties with PDFs allows direct study of the relevances of the various uncertainties to the final result.
The Bayesian framework does not provide a tool for finding the right physical model or the right statistical description. But it allows one to reveal inconsistencies in the description. Combining diagnostics and including physical information provides a basis for discovering mismeasurement or unreasonable physical assumptions. Validation of measurements is a major advantage of the description of data and information with probability distributions. A comprehensive link of all relevant data and information allows one to exploit the correlations due to any interdependencies of the parameters entering the analysis. If the analysis has to be revised, the Bayesian approach does not require revision of the entire analysis. An update of the analysis on the basis of the new information is sufficient in conjunction with consideration of possible interdependencies.
The physicist must be aware that the results of the analysis have to be interpreted on the basis of prior assumptions. The prior knowledge entering the analysis has to be conservative in the sense that it should contain only testable information. The uncertainties must be as dependable as possible. For example, if the measurement process is described incompletely the results including uncertainties will not reflect reality. Another class of sources of inconsistencies arises due to an incomplete modelling of the physics. An example is the occasionally occurring discrepancy in T e measurements by electron cyclotron emission radiometry and Figure 11 . Marginal posterior distributions for the electron temperature and electron density at the position z = 6 cm combining figure 2, neighbouring spatial channels correlation information from figure 8(a) , soft x-ray data ( figure 9(a) ), and the cut-off density from interferometry ( figure 6(a) ).
Thomson scattering. This issue can be resolved by refining the physical model of the measurement. For the aforementioned example such a refinement refers to the correct description of non-Maxwellian electron energy distribution functions (see, e.g. [12, 13] ). A caveat also concerns the assumption of monotonicity of profiles which might hide meso-scale structures, e.g. due to magnetic islands. All sources of inconsistencies must lead to erroneous results independent of the statistics approach. The Bayesian approach, however, can be regarded as a tool to detect such inconsistencies, e.g. by the occurrence of bi-modal PDFs. The maxima may represent different, inconsistent measurements. The extension of data analysis with refined knowledge is, as shown in this paper, a straightforward matter in the Bayesian formalism. As an additional issue, which is not addressed in this paper, BPT allows a quantitative model comparison which quantifies the consistency of data with different physical models.
Summary
Extensive laboratory studies of the nuisance parameters served as the basis for developing a statistical model of the Nd : YAG Thomson scattering diagnostics [1] . This model was used to adapt the software implementation to hardware improvements by including the new parameters. The effect of the hardware improvement could be studied and the results of the extended analysis-software were approved for parameters allowing comparison of the two approaches. The aforementioned aspects do not cover any new physical results, but both the modularity and aspect of software maintenance are of importance for analysis-software engineering for large fusion devices. Both the modularity and aspect of software maintenance have to be regarded as a result of the conceptual approach presented here.
The analysis within the Bayesian framework yields a PDF which is asymmetric or may even become multi-modal, reflecting the limits of the diagnostics and indicating insufficient measuring capabilities. The error analysis presented shows that the Bayesian approach allows inclusion of any correlation of any parameter entering the statistical model for data analysis. Here, the interdependence of the quantities of interest (n e , T e ) allows an analysis of the electron pressure which is of superior quality in relation to the usual error propagation laws.
The results presented here allow detailed and quantitative study of the impacts of the diagnostics' components on the results. Hence, the statistical model can be employed for designing diagnostics and assessing improvements in terms of effort. The sensitivity analysis also shows that the starting point for any improvement must be the physics issue in order to weight which part of the diagnostics has to be improved with respect to increased accuracy.
The combination of heterogeneous information was done by including prior information, e.g. from first-principle physical assumptions or from different measurements. As an outlook, further diagnostics will be analysed in the same way as the Thomson scattering system. Analysis of a high-resolution Thomson scattering system and the electron cyclotron emission radiometry in Wendelstein 7-AS are underway.
The Bayesian approach was shown to lead to an improvement of diagnostics results if different information is combined.
